Quantum Contextuality Emerging from Relativity 
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The quantum predictions for a single nonrelativistic spin- 1/2 particle can be reproduced by non- 
contextual hidden variables. Here we show that quantum contextuality naturally emerges if relativis- 
tic effects are taken into account. Specifically, we show that the contextuality of a free relativistic 
electron and of a relativistic electron moving in a Coulomb potential (a relativistic hydrogen atom) 
can be observed through the violation of noncontextual inequalities. We discuss how to experimen- 
tally observe quantum contextuality on a free relativistic electron. 
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Introduction. — Noncontextual hidden variable theories 
assume that the results of measurements are independent 
of which other compatible observables are jointly mea- 
sured 0. The Kochen-Speckcr (KS) theorem @] states 
that noncontextual hidden variables cannot reproduce 
the predictions of quantum mechanics for systems of di- 
mension d > 3. This is known as quantum contextual- 
ity and is state-independent: for any dimension d > 3, 
there are universal sets of quantum observables which 
prove contextuality for any state of the system. More- 
over, it has been recently shown that for any physical 
system of d > 3 there is an inequality satisfied by any 
noncontextual hidden variable theory but which is vio- 
lated, for any quantum state, by a universal set of quan- 
tum observables [H, H|. Recent experiments have con- 
firmed state- independent quantum contextuality Q. 
The significance of these results can be summarized in 
the statement that, for systems of dimension higher than 
two. there arc no "classical" (i.e., noncontextual) states 
1. 

However, there still remains a debate on whether quan- 
tum contextuality can be defined on systems of dimension 
two such as a single spin- 1/2 particle. Using the standard 
approach of the KS theorem, based on von Neumann pro- 
jective measurements, it is impossible to define contextu- 
ality on a single qubit, since every qubit observable is only 
compatible with itself and hence only appears in one mea- 
surement context. By adopting positive operator- valued 
measurements, Cabello |7| and Nakamura [8( have shown 
that a single qubit exhibits a form of contextuality. How- 
ever, Grudka and Kurzyhski Q have criticized this ap- 
proach by pointing out that the contextuality in 0, Q is 
different than the contextuality in the KS theorem. The 
problem of whether a single spin- 1/2 particle can exhibit 



KS contextuality remains a pending problem. 

Here we adopt a completely different perspective. We 
start with a specific physical qubit: the spin of an elec- 
tron. Within the framework of nonrelativistic quantum 
mechanics, the spin of an electron is treated as a two- 
dimensional system and does not exhibit KS contextu- 
ality. However, the situation dramatically changes when 
special relativity is taken into account. 

By requiring the relativistic wave-equation to be a dif- 
ferential equation first-order with respect to time and 
spatial coordinates, and also be Lorentz invariant under 
space-time transformations, Dirac discovered his famous 
equation (lp| . For an electron moving in a free space, its 
relativistic Hamiltonian is given by 



c a ■ p + f3Mc 2 , 



(1) 



with a 







p being the linear 



°) p= r 

y<j 0y \0 -1, 

momentum, M the rest mass of the electron, c the speed 
of light in vacuum, a the vector of Pauli matrices, and 1 
the 2x2 identity matrix. 

In free space, the angular momentum should be a con- 
served quantity. However, the orbital angular momentum 
L = r x p does not commute with H e unless one adds it 

up with a quantity S = ^S, with £ = ^ ^ 

the Planck constant. The quantity S is nothing but the 
intrinsic spin angular momentum. From S 2 = |/i 2 one 
may determine that its spin value is ^ . Consequently, the 
spin- 1/2 angular momentum has a natural origin within 
relativistic quantum mechanics. According to Landau 
and Lifshitz, "this property of elementary particles [the 
spin] is peculiar to quantum mechanics (...) and there- 



and h 



fore has in principle no classical interpretation" [ll| . An 
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immediate question arises: Is there KS contextuality for 
a single spin- 1/2 particle within the framework of rela- 
tivistic quantum mechanics? 

In this Letter, we provide an affirmative answer to this 
question and demonstrate that contextuality naturally 
emerges from a relativistic treatment. We first investi- 
gate the free Dirac electron Hamiltonian and prove its 
quantum contextuality through a noncontextual inequal- 
ity. We then consider a single relativistic hydrogen atom 
(i.e., a relativistic electron moving in the Coulomb po- 
tential), and prove that all eigenstates of the relativistic 
hydrogen atom violate the same noncontextual inequal- 
ity. Finally, we propose a possible experimental test of 
quantum contextuality of the free Dirac electron. 

Free Dirac electron. — The Hamiltonian H 0l the lin- 
ear momentum p, and the helicity operator X ■ p of the 
free Dirac electron are mutually commutative. For sim- 
plicity, we assume that the electron is moving in the 
^-direction. For a given momentum p — hke z , energy 
E = \/A/ 2 c 4 + h 2 c 2 k 2 , and helicity £ • p = hk, the four- 
spinor cigenstate reads 



i 



VK 



Mc 2 + E* 



ikz 



(2) 



where the two-spinor x = ^qJ 1S the spin-up state of 

a z , and Af e = 2E/(Mc 2 + E) is normalization constant. 

Let us now consider the following noncontextual in- 
equality: 



X = (AB) + (BC) + (CD) - (DA) < 2, 



(3) 



where A, B, C, and D are observables taking values ±1, 
and the pairs (A, B), (B,C), (C,D), and (D, A) contain 
compatible observables. The inequality ([3]) is similar to 
the Clauser-Horne-Shimony-Holt (CHSH) Bell inequal- 
ity but does not make the distinction between compati- 
ble observables which are spacelike separated and those 
which are not [l2| ]. It is therefore a noncontextual in- 
equality which can be tested on a noncomposite system. 
Indeed, this inequality has been used for testing contex- 
tuality on single photon (l3| and on single neutron 14 1. 

For a relativistic electron, one can consider the follow- 
ing observables: 



A = 7°, 

B = (cos6»7 3 + sin6»7 1 )7 5 , 
C = * 7 2 , 

D = (-cos(9 7 3 + sin6>7 1 )7 5 , 



(4a) 
(4b) 
(4c) 
(4d) 



where 9 = arctan 



(tT~)> = «7°7 1 7 2 7 3 j an d 7's are 



the Dirac gamma matrices in the Weyl basis: 

(5a) 
(5b) 
(5c) 
(5d) 

For the four-spinor | v I' ( f), the quantum prediction reads 
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IQ m =2a/2 



c 2 h 2 k 2 

'e 2 ' 



(0) 



where v — c 2 \p\/E is the velocity of the electron. 

Clearly, the noncontextual inequality (j3]) is violated for 
any v < c. A similar conclusion can also be drawn for the 
other four-spinor cigenstate \^~) with negative helicity 
of £ ■ p = — hk. Therefore, we conclude that quantum 
contextuality of the free Dirac electron can emerge un- 
der a relativistic treatment. It is worth mentioning that 
contextuality persists for v — 0, suggesting that the cou- 
pling between momentum and spin angular momentum is 
really not the only reason that gives rise to contextuality. 

Relativistic hydrogen atom. — It is also interesting to 
study the quantum contextuality of a relativistic electron 
moving in a Coulomb potential. This is just a model of 
a single relativistic hydrogen atom. The corresponding 
Dirac Hamiltonian reads 



- - n , r 2 ^ CCL 

H lha = c a ■ p + [iMc , 

r 



(7) 



with a = e 2 /hc ~ 1/137.036 being the fine structure 
constant, and e the electric charge. The energy spectrum 
is given by the Sommerfeld formula (TBj ] 



E _( a 2 \- 1>2 

Mc 2 \ + (n-\ K \ + VK 2 -a 2 ) 2 ) 
\ K \ = (j + l/2) = 1,2,3,..., n = l,2,3,. 



(8) 



Simultaneous eigenfunctions of l i? r ha, J 2 , Jz} are twofold 
Krammer's degeneracies [16l4l8| . i.e., 
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9(r)<t>f mj 
if(r)4>f mj 

A 3 



Jf \g{r)4> 



(9a) 
(9b) 



where K\^-(f)) = ±|«||<- TO , (r)), with K = /3(S 



L/h + 1) being the Dirac operator, K 2 = ,P /h 2 + 1/4, 
and J = L + S the total angular momentum operator. 
\^t jmj (r)) corresponds to k = ±(j + 1/2), j = l± 1/2, 
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and rrij runs from —j to j. For n = \k\, k only takes 



ables: 



is 



j + 1/2, or j = n- 1/2. TV = / + °° r 2 [/ 2 (r) + g 2 (r)]dr 
the normalization constant. The exact solutions of f(r) 
and g(r) are 16-13 



f(r) = VMc 2 + E[-n X F X (1 -h,2v + 1, p) 

+ (Mc 2 a\ + K,)iFi(-h, 2v + 1, p)] p^e'^ 2 , 

(10a) 



g(r) = \jMc 2 - E[n iF x (l -n,2^+ l,p) 

+ (Mc 2 aX + K)iFx(-h, 2v + 1, p)] p ,y " 1 e~ p/2 , 

(10b) 



where h = n — |/c|, f = \/k 2 — a 2 , p = 2rjhc\ 
iF^-q-z) = 1 + f fr + ggjfj + ■ ■ ■ is confl uent hy- 
pergeometric function, and A = 1/ \/A-Z 2 c 4 — -E 2 . Finally, 



s = -^(r^-r'j, 
c* = r 2 , 

r> = --^(r / x + r;). 



(14a) 
(14b) 
(14c) 
(14d) 



Quantum mechanically, the expectation value is given by 



(AB) = / r 2 dr / smtfdtf / d(p(i)\AB\^),(15) 
Jo Jo Jo 

with a similarly expression for the other pairs. We obtain 
the quantum violation 



,A _i ( V l + m +lY lm {$,ip) 

l 



(lla) 



-yZ - m + 1 Yz+i, m (#, y>) 



\/2TT3 V V/ + to + 2 y /+1 , m+1 (tf, v ) y ' 

(lib) 

where to = to., — 1/2 and Yi m (d,<p) are the spherical 
harmonics. 

The quantum contextuality of a single rclativistic hy- 
drogen atom is stated in the following theorem. 

Theorem: All eigenstates of i/ r ha violate the noncon- 
tcxtual inequality 

Proof: We introduce two sets of operators 

f = (r„r„r 2 ) = ( 7 , 7 2 7 °, l7 2 ), (12a) 
f = {v' x ,v' y , r'j = ( 7 3 7 5 , i 7 V, 7V). (12b) 

Due to the anti-commutative relations 7 I 7 J = — 7 -' 7 I , i 7^ 
j, it is easy to prove that V and V commute. 

The ground states are twofold degenerated and are 
spanned by 



1 '2'2 / 



W(p) 



>2' 2 





— e_ cosz? 
\-e_ wa.tijv) 

( ° 



V+! 1 )=W(p) 



l€ + 

-€- sin de~ %v 
\ e_ cos # y 



(13a) 



(13b) 



w ith W(p) = (Mc 2 aX + \)p v - 1 e-Pl 2 l\f^M, e± = 
VMc 2 ± E. 

For the state 1 ), we choose the following observ- 



2-qm = (1 + y/\ -a 2 )V2 ~ 2.82839, (16) 

which is very close to 2v2- 

For the state 1 we choose the observables A = 
T X1 B = ^(r^-ri)', C = T 2 , and I? = ^(r^+r^), and 
obtain the same value for the quantum violation I® M . 
This proves the case for the ground states. 

For excited states with n > 0, we consider the following 
observables: 



A = T 



b = -sin^r; + cose K, 
c = r 2 , 

£> = sin^r' +cos^r'. 



(17a) 
(17b) 
(17c) 
(17d) 



Substituting (JT7) into © and using ^ J Q °° r 2 f 2 (r)dr 
1 + M)/2, £ / °° rV(r)dr = (1 - p)/2, p = E/Mc 2 , the 

left-hand side of (J3]) becomes 2 [— ^jpjj^r^-^ cos £ — 
/isin£], which can reach 



(4Z 2 + 8/ + 3) 2 



> 2J/x 2 



(/i + 21 + 2) 2 



(4Z 2 + 8Z + 4) 2 



l-4a 2 

> 2 V 1 + i(7TiF >2 - 



(18b) 
(18c) 



In the step (|18b[) . we take to = 0; in the step (| 18c[) . p 
takes the minimal value y/l — a 2 / k 2 for n = K = I + 1. 

For excited states with k < 0, we choose the same 
observables (fTTj) as for the case of k > 0. Then, the left- 



hand side of (|3|) becomes 2 



(2m + l)(-M+2i+2) 
4F+8I+3 



cos^— jUsin^], 



4 



which reaches the value 



^ = 2 .L + ( 2 ^(;;+;-m) 2 (19a) 



(4Z 2 + 81 + 3) s 



> 2j M 2 



= 2*1 



(2Z + 1) 5 



(4Z 2 + 8Z + 3) 2 



1 



(19b) 



(2Z + 3) 2 Z 2 + l 



> 2. (19c) 



In the step (|19b[) , we take m = 0; in the step (| 19c[) . /j 2 
takes the minimal value /if nin > 1 — y^p- for n = Z + 
1. Therefore, the noncontextual inequality ([3]) is always 
violated. This completes the proof. ■ 
Proposed experimental test. — To test quantum contex- 
tuality on a free Dirac electron, it is convenient to con- 
vert the CHSH-like noncontextual inequality ([3]) into a 
Clauser-Horne-like (CH-like) [l|| noncontextual inequal- 
ity: 



Xch = (VaPb) + (V B Vc) + (V c Vd) 
-(Vb) - (Vc) < 0, 



(VdVa) 



(20) 



where Va = 2^> ~Pb = 2^ , etc. are compatible 
projectors, which represent yes-no questions about the 
physical system. Notice that Tab = VaVb by itself is 
also a projector. 

The experiment consists of letting the electron move 
along the z-direction with a uniform velocity v, after mea- 
suring its helicity as +1 and confirming that the eigen- 
state of the electron is Then measuring the ob- 

servables given by (j4|) required for testing the inequality 
The quantum prediction for the left-hand 

side of (J2UD is 



QM 
CH 



>o, 



(21) 



which is always violated by arbitrary v < c. 

Conclusions. — Although the existence of KS contcx- 
tuality for a single spin-1/2 particle remains a disputed 
problem within nonrelativistic quantum mechanics, here 
we have shown that KS contcxtuality naturally emerges 
within a rclativistic treatment. Within this approach, 
we have explored the quantum contextuality of the free 
Dirac electron through violations of a CHSH-like non- 
contextual inequality. A proposal for a possible experi- 
mental test using a CH-like noncontextual inequality has 
been also discussed. We have also investigated the quan- 
tum contextuality of a single relativistic hydrogen atom 
and proven that all cigenstates of the atom violate a non- 
contextual inequality This further confirms that contex- 
tuality exists in the domain of rclativistic quantum me- 
chanics. We have observed that the violations of \^^) for 



a free Dirac electron and the ground states of relativistic 
hydrogen atom are closed to the value 2y/2. We believe 
that it should be possible to observe these violations in 
future experiments. 
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